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1 Model

Let a GMM with D components, each component of dimensionality N , be given
by:

pGMM (x) =
∑
j

πjN (x;µj ,Σj) (1)

In this definition, the covariance matrices Σj are dense and, in general, have no
structure. Let us write out the above as:

pGMM (x) =
∑
j

πj exp(x−µj)T Σ−1
j (x−µj)/2 (2)

Let F be the N -dimensional Fourier matrix i.e. F is N ×N . Then x = FT x̂,
where x̂ = Fx is the Fourier transform of x; and so the above can be written
as:

pGMM (x) =
∑
j

πj exp(Fx−Fµj)TFΣ−1
j F

T (Fx−Fµj)/2

=
∑
j

πj exp(x̂−µ̂j)TFΣ−1
j F

T (x̂−µ̂j)/2

=
∑
j

πj exp(x̂−µ̂j)T (FT ΣjF)−1(x̂−µ̂j)/2

=
∑
j

πj exp(x̂−µ̂j)T Σ̂−1
j (x̂−µ̂j)/2 (3)

Thus, we can equivalently solve for a GMM which looks for the means µ̂j and

covariances Σ̂j in the Fourier domain, and then we should be able to go between
Fourier and space domains equivalently, through the transforms:

µj = FT µ̂j (4)

Σj = FΣ̂jFT (5)
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When solving Eq. 3 if we just let Σ̂j be any complex matrix, then we are

imposing no structure. But if we specify that Σ̂j must be diagonal and real,
then this corresponds to Σj being circulant i.e. it is convolutional.

In addition, if Σ̂j is made sparse and diagonal, then this corresponds to a band-
pass filter, where the spectral coverage is discovered by EM. A question remains
how sparsity can be enforced in practice i.e. can it be incorporated into the EM
algorithm?

2 Dimensionality Considerations

The full covariance GMM model Eq. 2 (or the full Fourier-GMM model) has
N unknowns per mean µj , N

2/2 unknowns per covariance matrix Σj , for a
total of DN(N/2 + 1) unknowns. Thus, for patches of size, say, 8 × 8, N =
64 and a 200 component model has approximately 4e5 unknowns. The non-
sparse convolutional model, has only N unknowns per covariance matrix (on the
diagonal), bringing this down to 2DN components which is 2.6e4 components,
an order of magnitude reduction. If we want to model patches of 64 × 64,
then the full GMM would require 1.6e9 unknowns, and the restricted one would
require 1.6e6 components. If we further impose sparsity of, say, S = 0.1, then
this would bring down the number of unknowns by another order of magnitude
to 2DNS = DN/5; thus only 8.2e4 in the case of 64× 64 patches, a savings of
5 orders of magnitude over the full GMM model. Thus it is much more feasible
to model larger patches with the convolutional model.

3 Convolutional GMM Derivation

We want to derive a proper GMM model, with correct normalization where
the usual full covariance is replaced by convolutional filters. Let us define the
following zero-mean model:

p(x) =
∑
c

1√
2π|Σ−1

c |
e−‖x?fc‖

2/2 (6)

where each component c is associated with a filter fc, and Σc is the circulant
covariance matrix associated to fc. Thus Σc is a circulant matrix whose rows
correspond to the filter fc ? f̂c, where f̂c is the flipped and rotated version of fc.
Now, it is known [2] that the log determinant of Σc will be given by (I also did
a proof-by-MATLAB of this):

log |det Σc| =
∑
ω

log(|Fc(ω)|2) (7)
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where Fc is a short-hand for the Fourier transform of fc. Thus, the normaliza-
tion constant for each Gaussian may be computed easily using FFT.

Now, we want to use the usual EM algorithm to determine the model parameters
fc. The E-step stays the same as usual, the M-step has to change to be specific
to convolutional computations. Let us focus on a particular component c, for
which are given the soft assignments (responsibilities) as rcn, for component c
and data point xn. Then we have to minimize the log of the expected complete
log-likelihood, given by (ignoring the constant):

− log p(X) = −0.5
∑
n

rcn(‖xn ? fc‖2 − log |det Σc|) (8)

The negative sign on the second term comes from the fact that we have an
inverse on Σc in the normalization constant (this is the opposite of the usual
notation for convenience). Let us write the short form of the Fourier transform
Fc(ω) as F cω, whose real and imaginary components are F crω and F ciω. Similarly
for xn, the Fourier transformed version would be Xn

ω , with real and imaginary
components Xn

rω and Xn
iω.

Then we can write ‖xn ? fc‖2 as
∑
ω |Xn

ωFcω|2, which can be expanded into∑
ω[(Xn

rωFcrω −Xn
iωFciω)2 + (Xn

rωFciω +Xn
iωFcrω)2]. Thus, using Eq. 7, we write

Eq. 8 as:

−2 log p(X) =
∑
n

∑
ω

(rcn[(Xn
rωFcrω−Xn

iωFciω)2+(Xn
rωFciω+Xn

iωFcrω)2−log((Fcrω)2+(Fciω)2)]

(9)
Setting the derivative of the above with respect to Fcrω to 0, gives, progressively:

∑
n rcn[(Xn

rωFcrω −Xn
iωFciω)Xn

rω + (Xn
rωFciω +Xn

iωFcrω)Xn
iω −

Fcrω
(Fcrω)2 + (Fciω)2

] = 0

=⇒
∑
n

rcn((Xn
rω)2 + (Xn

iω)2)Fcrω =
∑
n

rcn
Fcrω

(Fcrω)2 + (Fciω)2

=⇒ (Fcrω)2 + (Fciω)2 =

∑
n rcn∑

n rcn((Xn
rω)2 + (Xn

iω)2)

=⇒ |Fc(ω)|2 =

∑
n rcn∑

n rcn|Xn(ω)|2
(10)

Taking the derivative with respect to Fciω, gives the same result. Thus, we are
looking for weighted whitening filters. This result ties in with Observation 5 in
[2]. For example, in the case of looking for a single filter (single component c),
the optimal filter is the whitening filter.

In fact, if we look at the above formula, it corresponds exactly to doing EM
in Fourier space, but with the M-step involving doing only “diagonal” variance
updates!
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4 Constrained CGMM

The plain-vanilla unconstrained CGMM’s such as Eq. ?? lead to whitening
filters. So what if we incorporated some reconstruction constraints of the form
similar to that used in [1]? Let us incorporate reconstruction into the Gaussians
as follows:

p(x) =
∑
c

1√
2π|Σ−1

c |
e−‖x−f̃c?fc?x‖

2/2 (11)

so that each covariance matrix is a Toeplitz matrix of the form Σ−1
c = I−f̃c?fc?.
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